In this paper we consider a two-degrees-of-freedom, non-linear model aiming to describe internal friction phenomena which have been observed in some modified concrete specimens undergoing slow dynamic compression loads and having various amplitudes but never inducing large strains. The motivation for the theoretical e↵ort presented here arose because of the experimental evidence described e.g. in [94, 24] in which dissipation loops for concrete-type materials are shown to have peculiar characteristics. Indeed, as (linear or nonlinear) viscoelastic models do not seem suitable to describe neither qualitatively nor quantitatively the measured dissipation loops, we propose to introduce a micro-mechanism of Coulombian internal dissipation associated to the relative motion of the lips of the micro-cracks present in the material. We finally present numerical simulations showing that the proposed model is suitable to describe some of the available experimental evidences. These numerical simulations motivate further developments of the considered model and supply a tool for the design of subsequent experimental campaigns.
Introduction
The standard models usually introduced to study the deformation of cyclically compressed specimens of modified (or not modified) concrete do not seem suitable to describe all the complex phenomena of internal dissipation which are experimentally observed, also in the range of small strains. Indeed, (see [94, 24] ) the dissipation loops measured under cyclic loads with relatively small amplitude show very peculiar qualitative features (see Figs. 1 and 2):
• the two branches present di↵erent (varying) curvatures on the loading and unloading paths;
• the turning points seem to have the form of cusps ;
• the distance between the loading/unloading branches is varying in a nonlinear way with the applied compression loads. Even when at macro-level the compression loads and deformations are relatively small, these experimental observations suggest that some non-linear elastic mechanisms at the micro-level together with a Coulombian dissipation mechanism related to micro-motions may explain the observed evidence. The discussion of the rigorous modeling and mathematical issues arising from the observed evidence is delicate and deserves attention, but is not the primary issue of this paper. In this work we will limit ourselves to show that a simple and e cient model is indeed conceivable to fit the targeted experimental evidences and to study its most relevant features. 
Models for internal dissipation in solids
The problem of modelling internal dissipation in solids is very old and, for this reason, a huge literature concerning this subject is available. For clear reasons of consistency we limit ourselves to draft some considerations and to cite some among the relevant papers. It is indeed rather di cult to distinguish between the dissipated energy which participates to damage and plastic phenomena (even by producing new micro-cracks or enlarging the existing ones) and the dissipated energy which is associated to friction related to reversible internal relative motions. Interesting investigations which are meant to describe internal dissipation in presence of the damage progress are presented in [131, 22, 117, 66, 65, 88] where various mechanisms of damage and plasticity are taken into account, even at di↵erent length scales (see also [126, 130, 124, 125] ). On the other hand, the classical works [83, 146] study the internal mechanisms of dissipation in solids when no relevant damage phenomena occur at the macroscopic level. In the same spirit are the papers [117, 66, 65, 54, 132, 147] where several models for dissipation of energy due to elastic deformation rate and relative motion of di↵erent parts of considered bodies are studied and applied in the case of metals or even concrete. Finally, two papers which accept a point of view very similar to ours are [1, 20] where the internal dissipation mechanism are clearly distinguished in two di↵erent types: one producing crack generation and growth, the second being related to reversible relative motion of micro-crack lips. In [1] micro-crack lips relative motion is described by means of a tensorial quantity, distinguished from plastic and elastic deformations. In some works (see e.g. [20] ) the analysis is based directly on a finite-dimensional model to be used for numerical simulations: however, internal friction is there regarded as a phenomenon also driven by opening and closing of already existing cracks. Di↵erent works exist on the mathematical modeling of reversible damping ef-fects. In linear approaches, often stress-strain relations with integral kernels are used, while for geometrically nonlinear problems, the addition of rate-equations for some internal variables seems to be more useful, see e.g. [113, 112, 114] for incorporation of grain boundary relaxation e↵ects. The approach followed in the present paper follows the same spirit by means of the introduction of an internal variable ' which is able to account for microscopic friction dissipation. These concepts can also be profitably extended to shells and plates (see e.g. [116, 115, 148] ) and to rods (see e.g. [18, 19] ), where internal dissipation stabilizes the model, leading to robust numerical algorithms and profound theoretical results.
Continua with microstructure
In this paper we choose to introduce an extra kinematical field ', in addition to the standard macroscopic displacement, to describe the relative displacement of superimposed lips of the microscopic cracks which are known to be present in concrete materials. The fact of introducing extended kinematics to study materials with microstructure was developed by many authors in the decades 1950-1980 (see e.g. [64, 60, 63, 61, 62, 64, 60, 63, 61, 62, 79, 80, 78, 77, 103, 104, 105, 136, 137, 79, 78, 77, 103, 104, 105, 136, 137] ) to study deformation, damage and internal friction phenomena occurring in deformable bodies which, at a suitable micro-level, may show strong inhomogeneities in geometrical and mechanical properties. Models of continua with enriched kinematics are known as micromorphic models and originated with the works of Mindlin [103] and Eringen [64] . Such micromorphic models can also be seen as a way to obtain, as suitable limit cases, other very common generalized continuum theories which are known as second gradient theories (see e.g. [74, 75] ). These latter, have the same kinematics as classical Cauchy continuum theories (only displacement field), but the microstructure of the continuum is accounted for by suitable length-scales associated to the fact that the strain energy density is assumed to depend on the second gradient of displacement. Various micromorphic and higher-gradient theories have been re-proposed in the last years to study di↵erent kinds of physical systems with microstructure (see e.g. [43, 70, 72, 73, 71, 84, 106, 109, 108, 107, 120, 138, 139, 140, 14, 15] ). Recently, a relaxed micromorphic model have been proposed in [76, 111] which allows to account for possible micro-heterogeneities with a considerably reduced number of constitutive parameters with respect to classical micromorphic models. We can summarize by saying that micromorphic models are able to catch the complexity of the coupling phenomena between micro-and macro-motions. We claim that these micro-macro coupling phenomena actually dominate dissipation in solids constituted by grains bonded with viscoelastic cement. As the internal frictional phenomena which we have in mind obviously can also occur in beams and shells the concept of additional microstructural or internal variable we discuss here may be adapted to many di↵erent cases as for instance the continuum models treated in the papers [5, 9, 8, 6, 4, 56, 57, 58, 59, 7] for shells with surface stresses or micro-polar extra kinematical descriptors and [3, 4, 10] ) for continua showing viscoelastic behaviour. In future investigations it could be needed to conceive homogenization procedures aiming to deduce the most suitable macroscopic models for describing the phenomena we have in mind (see e.g. [2] for a homogenization process leading to second gradient materials) and which seem to be associated to the proposed model of continuum with microstructure. This would allow to set up a micro-macro identification procedure for the determination of macroscopic constitutive parameters characterizing the mechanical behaviour of modified concrete starting from its microscopic internal structure. In this paper we consider a continuum model with microstructure aiming to describe some of the dissipation phenomena occurring in deformable bodies which, at a micro-level, are constituted by a compact matrix presenting a uniform and isotropic distribution of penny-shaped micro-cracks. We are aware of the fact that this last assumption is rather simplified: not only micro-cracks are not in general isotropically and homogeneously distributed in the reference configuration, but even if they are so, they will lose these properties in the current configuration. Therefore, one should expect that for a careful and detailed modelling of the phenomena that we have in mind one should introduce some tensor fields (see e.g. [1] ) in order to describe the evolution of the state of micro-cracks inside the Representative Elementary Volume (REV). This delicate point is not addressed in the present paper and we will limit ourselves to consider a simple scalar field ' whose evolution describes, in an approximate and averaged way, the total amount of relative displacement of crack lips present in the considered REV. Indeed, it will be assumed that the number of micro-cracks, their geometrical and mechanical properties do not change in considered dynamic phenomena. In other words we assume that damage is not progressing: actually the dissipative phenomena which we want to describe are related to reversible contact phenomena at crack lips (see e.g. [89] and references there cited).
Methods for reducing the degrees of freedom in considered models
The concrete specimens tested in the experimental campaigns described in [94] and the behavior of which we want to reproduce, are three-dimensional specimens. Therefore, the suitable model to be introduced is a model (eventually non-linear) of a three-dimensional continuum. However, to simplify the used model one can think to follow the method pioneered by Saint-Venant (for some generalizations of the classical problem named after him and the discussion of the central idea of his method see e.g. [16, 49, 40, 12] and the references there cited). This method allows for the reduction of the complexity of the problem of determining the deformation of a specimen the shape of which is cylindrical in its reference configuration. More particularly, the problem of solving a system of PDEs is reduced into a simpler one: solving a system of ODEs.
In the present paper we assume that
• considered cylinders are deformed only in the Saint-Venant compression (with Poisson e↵ect) mode;
• frequency of the forcing load is much smaller than the eigenfrequencies of the cylinders;
• the distribution of micro-cracks is uniform so that one scalar quantity is su cient to describe the internal micro-motion in the cylinder;
• the present imperfections do not cause or do not influence in any way (neither global nor local) instabilities and in particular do not change microstructure evolution (the literature in the field is immense, the reader is referred e.g. to [90, 85] and references there cited).
Once having assumed the previous hypotheses the problem to be solved consists then in
• looking for the evolution equation for the newly introduced kinematical parameter ' describing micro-displacement with Coulombian dissipation;
• determining the modifications to be introduced in standard evolution equations for the displacement field;
• determining the coupling terms between these equations.
Of course, in order to get the reduced model one could conceive a more or less mathematically rigorous process starting from a Cauchy model at a given small length scale for the material inside a REV, in which the boundary conditions at crack lips are chosen to include Coulombian friction. We do not address such a delicate analysis in this paper and we will instead formulate a macroscopic model which shows the qualitative behavior which is expected on the basis of appropriate phenomenological considerations. In fact, we present a target theory to which such a homogenization process should try to arrive. It is clear that the constitutive parameters appearing in the phenomenological theory which we develop can be determined only by means of the comparison of suitable numerical simulations with corresponding experimental evidence: in this paper we present suitable parametric studies of the proposed model in order to be able to subsequently tune these parameters to direct the design of a measurements campaign. The model presented here may have a wide applicability range: however it is tailored with a view towards a precise application which is of interest in structural and civil engineering. Actually, our attention is focused, in particular, on the description of mechanical behavior of concrete-like materials with enhanced internal frictional dissipation. This enhancement is obtained by changing the recipe of the concrete mix by adding suitable inert additives, whose grains have the size needed to fill crack voids or to improve friction contact of crack lips (see e.g. [94, 117, 24] and references there cited). The numerical simulations which are presented in this paper needed to be calibrated carefully because of the strong nonlinearities they present and because of the singular nature of ODEs usually associated to Coulomb friction. These points are not addressed in the present investigation (in this aspect, and also for what concerns the modelling di culties, the model here proposed resembles closely the one studied in [46] ). The numerical results obtained show that the proposed model is suitable to describe some of the experimental evidences discussed in [94] . The main peculiarities of the proposed model can be resumed as follows:
• nonlinearities appear only in terms of the parameter ' and its time derivative,
• Coulombian dissipation mechanism plays a role only in the evolution equation for ',
• dissipation cycles in the force-displacement plane show a variety of qualitative behaviors depending on the choice of constitutive parameters which is wide enough to encompass the structure which has been observed e.g. in [96] and reproduced in Figs. 1 and 2.
Some considerations about future perspectives and limits of the presented model
The system of ODEs we consider, presents non-trivial mathematical di culties which need to be studied, in order to assess their possible use in the considered applications. This mathematical study is preliminary to the formulation of a suitable variational principle to be developed in order to supply the governing equations of systems which are more general than the one considered here. Moreover, the role of the micro-displacement parameter ', as conceived in this paper, will need to be further specified. More specifically: one may ask himself if it is possible to regard such a parameter as an internal variable (as done in very similar models, see e.g. [41, 42, 44, 45] and references there cited) or if it should be regarded as a truly micro-structural parameter (as done e.g. in [136, 137, 78, 77, 103, 108, 107, 135, 49] and references there cited). The mathematical relevance of such a question is not negligible. Indeed, in the first case the deformation energy is assumed to depend on ' only, while in the second one also a dependence on r' will appear. As a consequence, the evolution equations for ' in the first case will not involve partial derivatives, which will instead be present in the second case. A related problem concerns the highest order of the derivatives of the placement field which one will need to introduce in deformation energy to obtain the searched generalized model: it is indeed known (see e.g. [2] and references there cited) that high contrast in the mechanical properties at the micro-level (which surely is present in the physical system considered here) requires the introduction of higher order continua (see e.g. [50, 43, 70, 72, 73, 71, 97, 110, 134] and references there cited). In this paper we are assuming that the population of cracks present in considered specimens is not varying in number and is not changing its mechanical and geometrical properties because of the applied loads. In other words we assume that the level of damage (as modeled in di↵erent ways see e.g. [1, 3, 13, 20, 22, 23, 30, 33, 35, 32, 31] and references there cited) at microlevel is not changing during considered loading/unloading processes. Indeed, the experimental evidence presented in [94] shows that one has not a degradation in the mechanical properties of considered specimens when the intensity of the applied loads is below a precise threshold and if the duration of loading is limited in time. This means that dissipation occurs at crack lips without relevant abrasion (see e.g. [89] and references there cited), without any plastic phenomenon (see e.g. [33, 35, 34, 38, 37] and references there cited) and that there is no formation of new cracks (as described in [82] and the literature stemming from it). We will not assume in this paper an explicit dependence of the strain energy density on the space gradient of '. This means that we are assuming that the micro-motion inside one REV does not depend on the microscopic motions inside the contiguous ones. This is equivalent to say that we do not account for the possibility of describing, at a macroscopic scale, the presence of high gradients of microscopic relative displacements. This hypothesis is quite sensible since no localization phenomena are observed in the performed mechanical tests. The model which is presented here has been tailored to be used for modified concrete. However, one should consider that many possible applications can be imagined for it. Actually, internal friction is a phenomenon which plays a relevant role in di↵erent contexts: for instance in the flow in porous media (see e.g. [50, 46, 69, 51, 97, 106, 123, 122, 133, 134] and references there cited) where internal friction competes with Darcy or Brinkman dissipation or in growing tissues (as described using micro-structured continuum models see e.g. [67, 68, 87, 96, 95] ) where internal friction seem to play a non-negligible role in those mechanosensing phenomena controlling tissue synthesis.
It has to be finally remarked that the modifications of concrete by means of suitable inert additives proposed in [94] are founded on some precise theoretical considerations (see e.g. [117] ) which need to be further developed. Actually, the idea is the following: the concrete recipe is modified in order to increase the dissipation capability without favoring the onset of plastic deformation or crack formation and growth. In order to develop this idea an important theoretical e↵ort is required: one has to adapt the methods used in the theory of structural modification (see e.g. [28, 29, 27, 36] and references there cited) or in the design of smart materials and structures (see e.g. [11, 47, 48, 98, 99, 100, 121, 144, 143] and references there cited). In the first type of theories the concept which is exploited is the following: one adds to the system some coupled subsystems in which the energy preferably flows and in which it remains trapped until it is somehow dissipated. We remark that this e↵ect can be obtained by using only linear phenomena (see [28] ) and that its analysis is based on the concept of internal or micro-structural evolutionary variables whose evolution equations are suitably designed. This is also the concept on which the second of the aforementioned research streams is based: the coupled systems are designed in order to internally resonate with the principal system and the damping elements are tailored to optimize energy dissipation.
In conclusion, the change of concrete recipe which is envisaged here should forecast the formation of suitable slave microstructures
• whose motion is activated by macro-deformation
• whose presence do not modify the mechanical strength of the modified concrete • whose damping capabilities reduce (or do not alter) the damage progress in presence of cyclic load.
One of the main conclutions to which the present paper leads is that the modelling tool which seems more suitable in this context is a microstructure field theory coupled with standard methods of optimization and control. More precisely, once having introduced a new scalar kinematical parameter ', which is intended to measure the overall relative displacement of micro-cracks lips inside a Representative Elementary Volume (REV) of considered specimens, we postulate, on the basis of reasonable simplifying assumptions, some coupled Ordinary Di↵erential Equations governing both macroscopic strains and micro-deformations of internal micro-cracks. We aim to describe i) linear and nonlinear deformation phenomena occurring because of aforementioned relative displacement ii) coupling phenomena between macro-motion and micro-motion and iii) Coulomb dissipation phenomena occurring at crack lips. The presented model assumes no crack growth or crack production but simply the existence of a reversible (although dissipative) internal micro-motion due to the presence, in the reference configuration, of micro-cracks.
Modelling
The model for concrete-based materials which we want to introduce is a very particular case of continuum with microstructure (see e.g. [60, 103] ). Our final aim is to investigate the mechanism of internal dissipation due to Coulombian friction. Many authors examine the di↵erent mechanisms of internal dissipation in brittle materials such as concrete, see e.g. for more details [88] , [20] . In particular, we want to focus our attention on dissipation in materials (as concrete) which present voids typically characterized by a shape as a coin (penny-shaped cracks), and materials (as modified concrete e.g. [94, 24] ) containing microscopic components such as micro-filler used to improve damping performances without compromising mechanical strength. An additional and independent microstructural kinematical variable ' is newly introduced to take into account the interaction between the opposite faces of voids (micro-cracks) when they come in contact and slide one with respect to the other because of the externally applied load. We assume that the deformation energy of the considered medium is characterized by a volume strain energy density which depends on the basic kinematic descriptors, i.e. the classical displacement field u and the new scalar field ' which represents the relative displacement of two superimposed lips of considered micro-cracks. In particular, we set (E, ') = 1 2
where and µ are the Lamé parameters for linearly elastic isotropic materials, E = ru + ru T /2 is the linearized Green-Lagrange deformation tensor and
is the second invariant of the deviatoric strain tensor skew E = E 1 3 tr E 1 defined as
On the other hand, the kinetic energy density of the considered system is defined by
where ⇢ is the mass density of bulk material and the ⇢ ' is an e↵ective macroscopic mass density linked to the micro-structural variable '. It can be checked that, since the micro-strain field ' is assumed to have the dimensions of a length, the units of the parameter ⇢ ' are the same as the units of the macroscopic bulk mass density ⇢. Since the dissipation is not negligible, the governing equations of the considered medium do not have a variational structure, but they possess a quasi-variational structure. In this context we introduce a Rayleigh potential R, which is aimed to describe Coulomb-type friction dissipation, in the form
where ⇣ and ⌘ are constitutive constants. We can notice that, in particular, the constant ⌘ can be seen as the inverse of a characteristic velocity associated to microscopic motions, while the constant ⇣ directly accounts for dissipation due to microscopic frictional sliding. Few words need to be spent here: actually in the literature Coulomb friction force is usually modeled by the introduction of the function signum whose argument is the velocity of the kinematical quantity on which friction forces are acting. This function, when appearing in di↵erential equations, is a source of strong singularities and numerical or chaotic instabilities (whose regularization and study can be performed using the methods described in the literature (see e.g. [91, 92, 102, 93] and references therein). Also basing ourselves on physical considerations, we propose to regularize the function signum with an hyperbolic tangent modulated with an amplitude ⇣ (giving the maximum of friction force which may be exerted) and with a suitably chosen slope given by ⌘ (triggering the range of velocity where friction force is an increasing function of the velocity). This is equivalent to state that we assume a Navier-Stokes type of dissipation for low micro-velocities: this physical assumption, although reasonable, needs to be justified with more detailed analyses and can also be related to bifurcation and instability phenomena which may occur in modified concrete (see e.g. [85] and references therein).
In conclusion, the virtual work due to internal dissipation can be written as
where V is the volume which the specimen occupies in its reference configuration and [0, T ] is the time interval during which we observe the motion of the specimen. We can write the governing equations in weak form of the considered concrete-based material as
in which
with the expressions for the strain energy and kinetic energy densities given by Eqs. (1) and (2) respectively and where b ext are the bulk externally applied forces.
Simplified equations of motion based on Saint-Venant theory for the case of simple compression
We use from here on the fact that the experiments which are targeted in this work are simple compressions of cylindrical concrete specimens, so that we assume that Saint-Venant theory for simple compression can be applied. In this way, we are able to deduce the simplified equations in strong form directly from expression (4). To do so, we start recalling that, in the case of axial compression along the x 3 axis of a Saint-Venant cylinder, one has
where we set " = E 33 = u 3,3 , ⌫ is the Poisson coe cient and x 1 , x 2 and x 3 are the Lagrangian coordinates (in a given reference frame with origin on the axis of the cylinder) of the material points constituting the considered specimen. We also explicitly remark that another assumption of the Saint-Venant model is that the field " does not depend on x 1 , x 2 , x 3 , but only, eventually, on time. We make the same assumption for the micro-displacement field '. With these simplifying assumptions, it can be checked that in the considered particular case, integrating by parts in time, considering isochronous motions and arbitrary variations " and ' the principle of virtual powers (4) implies
where
Moreover, the external applied forces have been chosen to be those of a simple dynamic compression, i.e.
With this assumption, it can be checked that the loads appearing in equations (5) are defined as f 0 = k b 0 and f 1 = k b 1 with k =´V x 3 dV . Some comments are needed at this point:
• One can easily estimate the equivalent mass M by assuming that the volume mass density of concrete specimens is homogeneous (and known) while the displacement field depends linearly on reference configuration variables and on elongation.
• We assume that elastic nonlinearities are involved only in the evolution equation for the variable '.
• The functionk 1 '+k 2 ' 2 +k 3 ' 3 is assumed to be monotonously increasing.
• The deformation energy clearly needs to be definite positive and consequently suitable restrictions on the sti↵ness parameters must be considered.
• The amplitude of the Coulombian frictional force, for obvious physical reasons, has to be smaller than the lowest amplitude of the applied external load (see the papers [91, 102, 85] and references there cited for a discussion of the possible bifurcation phenomena which may occur).
• Many other possible dissipation regimes can be conceived in order to regularize the discontinuous dependence assumed in Coulombian model for friction: each of them would represent a di↵erent physical phenomenon, which would have di↵erent e↵ects on the turning points of dissipation loops (i.e. when |'| is suitably small). In this paper we assume that viscous Navier-Stokes dissipation e↵ects are dominant when the microstructure velocity |'| is suitably small, while they vanish and need to be replaced by Coulombian friction beyond a given micro-velocity level.
3 Numerical simulations: specimen in pure compression
We limit our attention to numerical a model for a cylindrical specimen with diameter = 11, 28 cm and height h = 22 cm. All simulations are performed via the automatic code COMSOL Multiphysics. As for boundary conditions, the specimen is constrained at the bottom with a zero displacement in its normal direction x 3 . A cyclic external load per unit area is applied on the top with a frequency of 1 Hz, very low compared with the natural frequencies of the testing sample to avoid obnoxious inertial e↵ects. For the same reason, an initial smooth ramp is considered as showed in the figure 3 . In order to illustrate the Table 1 : Reference values of the parameters used in the numerical simulations.
The numerical values shown in Tab. 1 have been determined by means of the following calibration process:
• in the static loading cases the measured stress-strain relationship has to be verified;
• the value of the parameter ' has to be compatible with the order of magnitude of known linear dimensions of typical cracks in concrete;
• equivalent mass coe cients are determined by taking into account volume mass density of concrete and an estimate of the percentage of total mass of concrete specimens which is moved because of crack lips movement;
• amplitude of Coulomb friction force has to be smaller than the force deforming micro-cracks;
• coupling between micro and macro motion must respect definite positiveness of deformation energy;
Some parametric studies are performed in the remainder of this paper on the crucial parameters of the presented model. Unless otherwise specified, the typical ranges of values assigned to the material parameters in the performed numerical simulations are those listed in table 2.
Parameter
Range of values Unit Table 2 : Ranges of values of the material parameters to be used in the numerical simulations on concrete.
Parametric analysis of dissipation loops for varying friction coe cient
In this subsection we consider the e↵ect of the Coulombian friction coe cient⇣ on the amplitude of dissipation loops, the area of which increases monotonically with⇣. However, because of the strong non linearity of considered system, also the variation of the other relevant parameters is greatly influencing the dissipating capability as well. . Figure 4 shows the variation of energy dissipation loops in a stress-strain diagram when varying the friction coe cient⇣. It can be remarked that the area of the loops is increased when increasing the value of the coe cient⇣. This is completely sensible, since the mechanism which we want to associate to the parameter⇣ is the dissipation (at the scale of the micro-cracks) which is due to the relative motion of the two superimposed lips of each crack as a consequence of the application of the external dynamic load. This numerical evidence is a step towards the conception of suitable experimental campaigns on concrete modified with micro-fillers enhancing its dissipative properties. 11 ]. Figure 5 shows the variation of dissipation loops when varying the coe cient ↵, i.e. the coupling parameter between the micro-structural variable ' and the macroscopic strain. It is worth noticing that the e↵ect of increasing micro-macro coupling implies that the dissipation loop is shifted towards the right. This means that the contribution to macroscopic deformation due to microscopic strain becomes more and more important and greater macroscopic strains can be attained with the same force level. Moreover, with a small coupling, the obtained loops can be seen to show a slightly smaller area and thus a reduced dissipation. In figure 6 dissipation loops are depicted which show the e↵ect of the material parameterk 3 . It is possible to remark that, contrarily to what happens with the coupling parameter↵, high values ofk 3 increase the whole sti↵ness of the system and consequently decrease the energy dissipated in each cycle. In Fig. 7 the behavior of dissipation loops is depicted when increasing the value of the material parameter,k 2 . A similar qualitative behaviour can be observed for the parameterk 2 , even if the influence of this parameter is less pronounced when compared with that due tok 3 . This is sensible since the microscopic non-linearities associated to the parameterk 3 are of higher order than those associated tok 2 . We can hence conclude that the parametersk 2 andk 3 can be seen as averaged measures of the distribution of cracks inside the material: higher values ofk 2 andk 3 can be associated to higher densities of cracks which allow for higher values of dissipation but somehow make the specimen softer than an equivalent one presenting lower densities of cracks. 12 ]) Figure 8 shows how the material parameterk 1 a↵ects the stress-strain cycles. It is possible to notice that an increase of the parameterk 1 do not directly a↵ect the amount of energy dissipation, but changes the sti↵ness of the considered material.The coe cientk 1 can thus be seen as a coe cient directly related to the type of filler which is used to modify the concrete mix. Fillers with the same friction coe cient but with di↵erent mechanical properties could give rise to mechanical behaviors which can be encompassed by tuning the parameterk 1 alone.
Some typical plots showing the periodic variation in time of relevant quantities
It is well-known (see e.g. [145] ) that well-behaving ODEs when forcing terms are periodic show solutions which are periodic as well. The dissipation e↵ects which we have introduced in the previous equations 5 have been regularized in order to be sure that the aforementioned well-behaviour assumptions are verified. Therefore, when the simulation is performed for a time interval which is long enough, the calculated solution will become -within numerical errorperiodic: by a judicious choice of initial conditions the convergence towards stationary solutions has been reduced. We plot the following time dependent quantities
• friction term in the equation for ';
• the crack lips relative displacement ' and its time derivative;
• the specimen elongation " and its time derivative. Fig. 9 shows the typical periodic evolution for Coulomb friction. The di↵erent sti↵ness properties due to the introduced nonlinear term produces an asymmetric evolution of this friction term. As a consequence the relative dissipation loops will show a distance between the loading/unloading branches whose varying shape strongly depends on nonlinear behaviour considered. 10 shows the typical periodic evolution of the crack lips relative displacement. We notice a di↵erent behaviour in the neighborhood of the maximum and minimum level of the cyclic external compressive load due to elastic nonlinearities of the considered model. It is even worth noticing that near to aforementioned levels, two di↵erent time delays with respect to the applied cyclic load can be detected. This circumstance is related to the assumed dissipation mechanism and to the introduced elastic nonlinearities. Fig. 13 shows the typical periodic evolution of the specimen elongation rate. It is possible, also in these time evolution plots, to clearly detect the di↵erent e↵ect of Coulombian dissipation in the loading/unloading cycles due to the introduced elastic nonlinearity. 
Conclusions
The modelling process presented in the present paper proves that it is possible, by means of a simple nonlinear system of ordinary di↵erential equations, to carefully describe both quantitatively and qualitatively the available experimental evidence on compression of cylindrical modified concrete specimen. In particular, it is proven that, even if the applied compression force is related to elongation by a (nearly) linear relationship, some nonlinearities in the dissipation loop may be ascribed to nonlinear elastic phenomena involving the newly introduced microstructural parameter which describes internal micro-motions. More precisely, we want to interpret the physical meaning of this micro-structural parameter in terms of the overall relative displacement of the lips of the cracks which characterize the microstructure of concrete-type specimens.
The time rate of the same micro-structural parameter is the source of the only friction e↵ect considered in this paper: the one related to Coulomb friction force.
By means of a series of numerical simulations, we have proved that a physically reasonable set of ranges for introduced constitutive parameters can be found which describes the whole variety of dissipation loops measured in [94] .
The presented results justify the need for more complex models in order to describe i) bending and compression periodic deformation of considered cylindrical specimen, ii) coupling between bending and shear with micro-deformation iii) more complex micro-motions in which relative displacement of crack lips may depend on the orientation and localization of cracks iv) the longer range e↵ects of micro-cracks-induced micro-deformation in the neighborhood of considered REV, i.e. those e↵ects which can be modeled by allowing for the dependence of deformation energy on higher gradients of introduced kinematical fields.
